Motivated by the growing interest in generation of stringy landscape via quantum creation from nothing, we revisit the old idea of Euclidean quantum gravity alternative to the construction of the pure Hartle-Hawking quantum state. Creation from nothing is described by the density matrix given by the Euclidean path integral. Its calculation with back reaction of quantum matter properly taken into account suggests a novel picture of the early quantum Universe. Landscape of universes in the bounded range of the cosmological constant, Λ min ≤ Λ ≤ Λ max , is created with mixed quasi-equilibrium state of high-temperature gas of particles of conformally invariant fields. Instantons with Λ < Λ min are completely eliminated by infinite positive value of their action, which suggests solution to the problem of boundedness of the on-shell gravitational action in the infrared domain of Euclidean quantum gravity. The mechanism of this elimination is based on nonlocal contribution of quantum conformal anomaly mediated by a special ghost-avoiding ultraviolet renormalization. Upper bound of the cosmological landscape is saturated with the infinite sequence of increasingly long garlandtype instantons. Their existence indicates a sound link between gravitational tunneling and renormalization theory on curved background.
Introduction
The ideas of quantum cosmology [1, 2] and Euclidean quantum gravity [3, 4] again become popular. One of the reasons is a growing recognition of the fact that the landscape of stringy vacua is too big [5] to hope that reasonable selection criteria for particle phenomenology and, more generally, initial conditions for early Universe can be successfully worked out within string theory itself. Thus, it is expected that other methods have to be invoked, not the least of them appealing to the construction of the cosmological wavefunction [6, 7, 8, 9] . This approach is based on the idea of quantum tunneling from the classically forbidden state of the gravitational field. This state is described semiclassically in terms of imaginary time, that is by means of Euclidean spacetime, so that the corresponding amplitudes and probabilities are weighted by the exponentiated Euclidean gravitational action, exp(−S E ). This action is calculated on the gravitational instanton -the saddle point of the underlying path integral over Euclidean 4-geometries. Such instanton gives rise to the Lorentzian signature spacetime by analytic continuation across minimal hypersurfaces, and the instanton topology allows one to interpret this continuation either as quantum tunneling or creation of the Universe from "nothing". Then the minima of S E give most probable values of the physically interesting parameters of the Universe, including initial conditions and fundamental coupling constants [10, 11] . Apparently, when applied to stringy landscape this framework can in principle serve as a selection criterion for most probable physical vacua incorporating initial conditions in the early Universe compatible with its present-day phenomenology and large-scale structure.
There is immediate difficulty with this programme, which is rooted in the problem of unboundedness of the Einstein action. The most important example of creation from "nothing" -the Hartle-Hawking wave function of the Universe [3, 4] , which describes nucleation of the de Sitter Universe from the Euclidean 4-dimensional hemisphere, Ψ HH ∼ exp(−S E ) = exp(3π/2GΛ), (1.1) has negative action which diverges to −∞ for the cosmological constant Λ → 0. This means that zero cosmological constant is infinitely more probable than a positive one -the result which has a very controversial status. Once it was used as a justification of the zero value of Λ [10] by the Coleman big-fix mechanism [11] , but on the other hand was considered as extremely confusing and anti-intuitive because it predicted higher probability for the creation of large universes rather than small ones and also ruled out creation of the inflationary Universe. No need to add that this result also looks unappropriate in context of the cosmological acceleration which requires very small, but still nonvanishing cosmological constant (certainly, if we identify dark energy phenomenon with the cosmological constant effect). Such a controversy gave rise to the so-called cosmology debate [12] reflecting the first attempt to circumvent this problem. Point is that the alternative formalism of the Wheeler-DeWitt equation, which is only formally (and perturbatively) equivalent to the path integral approach [13, 14] , admits together with (1.1) also an opposite sign in the exponential of (1.1). It arises either in the form of Linde [15] or Vilenkin [16] tunneling proposals. These proposals differ by boundary conditions [12] but qualitatively render the same exponentially small probability for Λ → 0, which opens the room for conclusions opposite to the Hartle-Hawking case. In particular, inclusion of one-loop effects allows one to shift most probable values of the effective cosmological constant from zero to a narrow highly peaked range compatible with the requirements of inflation [17] .
Such a big discrepancy in handling this infrared domain gives a feeling of indeterminacy -fundamentals of quantum gravitational tunneling seem to be on too shaky a ground to serve as a reliable completion of the string theory of everything. Apparently, this discrepancy can be resolved within a deeper understanding of the gravitational path integral and correct operator realization of the Wheeler-DeWitt equation, but this achievement might still be in vain, because in view of the anticipated stringy nature of everything this equation might be not fundamental. For this and other reasons (we will not repeat here usual arguments refuting the tunneling prescription on the basis of erroneousness of anti-Wick rotation, etc.) we will stick to the Hartle-Hawking prescription of the Euclidean path integration.
In this prescription the attempts to resolve the infrared catastrophe of small Λ are very hard to implement. Indeed, within conventional wisdom of low-derivative expansion (or α ′ -expansion in stringy context) all quantum corrections are of higher order in spacetime curvature R than the cosmological and Einstein terms. Therefore, they are negligibly small in the infrared limit R ∼ Λ → 0 and cannot compete with the infinitely growing tree-level contribution of (1.1). This is a very general argument that cannot be circumvented within the local curvature expansion of the effective action. So the only reasonable option is to try essentially nonlocal quantum effects that should be mediated by nonlocal terms of non-vacuum nature.
This idea was recently attempted in speculative but very thought-provoking papers of Tye et al [7, 8] who suggested to consider the effect of radiation in quantum creation from nothing (see also [9] ). Radiation effectively appeared in [7, 8] as a result of ultraviolet (and infrared) renormalization of the effective action of the "environment" -spatially inhomogeneous modes of matter and gravitational fields, treated perturbatively on top of the minisuperspace FRW background. Its contribution to the instanton action, as advocated in [7, 8] , turns out to be positive and inverse proportional to the square of Λ, so that the overall action becomes bounded from below at finite positive Λ with which the Universe gets created from "nothing". This mechanism has already been justifiably criticized in [18] by noting that this type of "radiation" can only renormalize the effective value of Λ, in terms of which the boundedness properties of the action remain the same. However, as we show below, radiation contents of the creationfrom-nothing instanton can really mediate the boundedness of its effective action, but the origin of this radiation and the mechanism of its infrared cutoff at small Λ are drastically different from those of [7, 8] . The core of our suggestion is a simple observation that the presence of radiation implies a statistical ensemble described by the density matrix, rather than a pure state assumed in [7, 8, 9] . Density matrix in Euclidean quantum gravity [19] , ρ[ ϕ, ϕ ′ ], originates from an instanton with two disjoint boundaries Σ and Σ ′ associated respectively with its two entries ϕ and ϕ ′ . Instanton bulk interpolates between these boundaries and, thus, establishes correlations between observables located at them, see On the contrary, pure density matrix, say of the Hartle-Hawking state, corresponds to the situation when the instanton bridge between Σ and Σ ′ breaks down, so that topologically the instanton becomes a union of two disjoint hemispheres. In this case each of the half-instantons smoothly closes up at its pole which becomes a regular internal point of the Euclidean spacetime ball (Fig.2 ). We find that radiation stress tensor prevents these half-instantons from closure and, thus, enforces the tubular structure of the full instanton supporting the thermodynamical nature of the physical state.
Its partition function follows from integrating out the field ϕ in the coincidence limit ϕ ′ = ϕ which corresponds to the identification of Σ ′ and Σ, so that the underlying instanton acquires toroidal topology. Its points are labeled by the periodically identified Euclidean time, a period being related to the inverse temperature of the quasi-equilibrium radiation, see Fig.3 . Gravitational back reaction of this radiation supports the instanton background on top of which this radiation exists, and we derive the equation which makes this bootstrap consistent. Remarkably, all values of Λ below the range (1.2) Λ < Λ min are completely ruled out due to infinitely large positive action generated by the contribution of the conformal anomaly of quantum fields. Thus, no infrared catastrophe of vanishing cosmological constant is present in our picture. Rather, we get a bounded cosmological landscape. Its boundaries depend on the phenomenology of quantum fields. In particular, for a single conformal scalar and vector field they are respectively given by the Planckian values, m 2 P ≡ 3π/4G,
Qualitatively, these bounds decrease with the growth of the field spin and also go to zero as 1/N with the growing number of fields N, which brings us to the domain of semilassical validity. This also means that the landscape shrinks to narrower and narrower subplanckian range when we climb up the phenomenological energy scale. This suggests the possibility of generating a long sought selection mechanism which might disentangle from the vast stringy landscape a dynamically preferred vacuum compatible with the observable Universe. The paper is organized as follows. In Sect.2 we present the effect of radiation in Euclidean cosmology which maintains thermal nature of the instanton by preventing it from ripping the bridge which underlies the density matrix entanglement. In Sect.3 we construct the path integral representation for this density matrix and the corresponding partition function (or Euclidean effective action) and describe the approximation when the minisuperspace metric of the instanton suffers self-consistent back reaction of quantum matter. In Sects.4-6 we calculate effective action of conformally invariant fields on the instanton with generic FRW metric and derive nonlocal effective equation for the latter. Effective action is obtained as a sum of contributions of conformal anomaly and the action of the static Einstein Universe, which are both properly renormalized to avoid ghost instabilities. The resulting effective equation turns out to be a modified Friedmann equation in the presence of radiation, the amount of which is determined by the bootstrap equation. Elimination of the infrared catastrophe of vanishing Λ due to the effect of a conformal anomaly within this bootstrap is demonstrated in Sect.7. Infinite sequence of garlands -multiply folded instantons saturating the upper bound of instanton landscape (1.3)-(1.4) -is constructed in Sect.8. Concluding section discusses extension to non-conformal quantum fields of higher spins and possible application of the obtained bounded cosmological landscape in string theory.
Effect of radiation
The effect of radiation on cosmological solutions of Euclidean gravity is as follows. In spatially closed cosmology with Euclidean FRW metric (Ω (3) is a 3-sphere of unit radius)
the Friedmann equation includes the term of radiation energy density inverse proportional to the fourth power of the scale factor ȧ
Here we choose the gauge of unit lapse N = 1, H 2 = Λ/3 is the cosmological constant in terms of the Hubble parameter H and the constant C characterizes the amount of radiation. Radiation term blows up to infinity for a → 0 and in view of the positivity of the radiation density (C > 0) prevents from the cosmological collapse. Moreover, right hand side here also vanishes for some big a, and the Friedmann equation has two turning points -the situation analyzed in context of quantum tunneling in [20, 21] . In the corresponding solution [22] 
the scale factor never goes to zero and varies between the maximal and minimal values
during one period of the Euclidean time −π/2H ≤ τ ≤ π/2H. This instanton solution exists for finite amount of radiation satisfying the bound
5)
and can be used for constructing the density matrix of the Universe if we identify the boundaries Σ and Σ ′ with the minimal surfaces of maximal size a + at τ = ±π/2H. Lorentzian spacetime with the quasi-deSitter metric nucleates from them via the analytic continuation in time and gives rise to inflationary cosmology with the asymptotic value of the Hubble constant H at late stages of expansion, see Fig.1 above. As we see, at any nonzero H the radiation term prevents the instanton bridge between Σ and Σ ′ to break and, thus, supports the thermal nature of the created ensemble of universes. Note that the instanton interpolating between the minimal and maximal values of a scale factor, which was used in [20, 21] for the description of quantum tunneling between Lorentzian domains, is not suitable for the density matrix. Calculation of thermodynamic averages incorporates its tracing which leads to identification of Σ and Σ ′ surfaces which, therefore, should have the same geometric characteristics.
Density matrix
The picture of the above type serves as a tree-level approximation for the density matrix of this ensemble, which at the exact level is given by the Euclidean path integral
is the Euclidean classical action of the theory, and integration runs over gravitational g and matter φ fields on a tubular spacetime interpolating between the field configurations at Σ and Σ ′ . The normalization factor exp(Γ ) is determined from the condition trρ = 1 which serves as a definition of the Euclidean effective action
on the compactified instanton obtained by identifying the boundaries Σ and Σ ′ as shown on Fig.3 above. Now integration runs over periodically identified gravity and matter fields.
Main nonperturbative trick that we use in order to consider back reaction of quantum perturbations consists in decomposing the full configuration space of [ g, φ ] = [ g 0 (τ ), φ(x) ] into the gravitational minisuperspace of the cosmological scale factor a(τ ) and the lapse N(τ ), g 0 (τ ) = a(τ ), N(τ ) , and the sector of "matter" which includes together with matter fields also the metric perturbations on the minisuperspace back- 
where the effective action Γ [ g 0 (τ ) ] of quantized matter on the minisuperspace background g 0 (τ ) is determined by the path integral
Our approximation in what follows will be to include into this action the one-loop order,
5)
and calculate the minisuperspace integral (3.3) in the tree-level approximation, which reduces to solving the effective equations for Γ [ g 0 (τ ) ]. This will give a lowest order back reaction effect of quantum matter in the process of quantum creation from nothing.
Conformal anomaly and ghosts
Even for a simple FRW background the one-loop action is not exactly calculable for generic fields. For conformally-invariant fields, however, one can apply the technique of conformal transformation which relates the FRW metric (2.1) rewritten in terms of the conformal time η,
to the metric of Einstein static Universe of unit size
In contrast to the local conformal invariance of the classical action of a confor-
, its quantum effective action has a conformal anomaly
determined by the coefficients of the scalar R, Weyl tensor squared term C 2 µναβ and the density of the Gauss-Bonnet invariant
These coefficients depend on the spin of the conformal field [23] and read respectively for a scalar, Weyl spinor and vector field as
where for the vector case we cite the result of the ζ-function [24] and point separation [25] regularizations, which differs from the dimensional regularization result [26] for α. This anomaly, when integrated functionally along the orbit of the conformal group, gives the relation between the actions on conformally related backgrounds [27] 
where [28] ∆Γ
and all barred quantities are calculated with respect to the metricḡ µν (x). For a conformal factor e σ = a 2 (τ ) this expression immediately generates higherorder derivative terms ∼ä 2 in the effective Lagrangian. This certainly produces ghost instabilities in solutions of effective equations. It is remarkable, however, that higherderivative terms are all proportional to the coefficient α, because similar terms linear in β completely cancel out in (4.7) ((¯ σ) 2 against the R 2 (g)-term). The α-term of the conformal anomaly can be arbitrarily changed by adding a local counterterm ∼ g 1/2 R 2 , admissible from the viewpoint of general renormalization theory. Therefore we can put it identically to zero α → α R = 0 by the following finite renormalization of the effective action
Certainly, this additionally spoils conformal invariance of the theory which was anyway irreversibly broken by quantum corrections. Thus it is reasonable to fix this local renormalization ambiguity by an additional criterion of the absence of ghosts, what we do here for sake of consistency at the quantum level. From (4.7) it then follows that the conformal contribution to the renormalized action on the minisuperspace background (4.1)-(4.2) equals
with the constant m 2 P B which for scalars, two-component spinors and vectors equals respectively 1/240, 11/480 and 31/120. As we will see, the positivity of the first term in the integrand of this expression will play a crucial role in the infrared cutoff of the Λ → 0 limit.
Effective action on a static Einstein instanton
Now we need Γ R [ḡ ] on a static background (4.2) with a periodically identified time η with the period η 0 . This is a typical calculation of the thermodynamical free energy which, for completeness, we fully present here for a conformal scalar field. By decomposing it in spherical harmonics (enumerated by collective index n) on a unit 3-sphere one gets the action as a sum of (Euclidean) oscillators of energies ω n
On-shell value of this action on solutions of classical equations d 2 φ n dη 2 − ω 2 n φ n = 0, n = 1, 2, ... ,
gives the Hamilton-Jacobi function
which via the Pauli-Van Vleck formula yields up to the numerical factor the evolution operator in Euclidean time η 0 -the density matrix
Its trace generates the needed effective action
so that up to an additive constant it equals the sum of contributions of the vacuum energy E 0 and free energy F (η 0 )
Here we go over to the explicit summation over the principal quantum number n = 1, 2, 3, ..., in terms of which ω n = n, and note that our definition of the free energy F (η 0 ) differs from the conventional one by a factor of η 0 . Quartic divergence of the vacuum energy in Γ 1−loop [ḡ ] reflects ultraviolet divergences of the full action Γ 1−loop [ g ]. Under a covariant regularization the power and quartic divergences among them are absorbed by the renormalization of the cosmological and Einstein terms, whereas the subtraction of logarithmic divergences yields as a remnant the contribution of a conformal anomaly considered above. For conformal fields, which we consider, the logarithmic divergences are actually zero, because they are given by the sum of integrated Weyl-squared and Euler number terms (γ and β terms of the conformal anomaly (4.3)). For conformally flat metric with torus topology they are both vanishing, so that our regularized one-loop action actually does not have a typical renormalization ambiguity quadratic in the curvature -the term of the same structure as E 0 η 0 in (5.7), d 4 xg 1/2 R 2 ∼ dτ a 3 /a 4 . Thus the vacuum energy on Einstein static spacetime (5.8) should be uniquely calculable, which was independently confirmed by different methods [29] , and equals respectively for scalar, spinor and vector fields. 1 Finally, we have to take into account the effect of the finite ghost-avoidance renormalization (4.8) which should be applied also to Γ 1−loop [ḡ ]. Since d 4 xḡ 1/2R2 = 72 π 2 η 0 , this leads to the expression similar to (5.7), but with the modified vacuum energy which we denote by C 0
This is a matter of direct observation that for all conformal fields of low spins the modified energy reduces to one half of the coefficient B in the conformal part of the total effective action (4.10) 2
This relation is confirmed by ζ-functional and point-separation regularizations, but not the dimensional one. The latter results in the alternative value of α for a vector field, 1 This is a second major point of departure from [7, 8, 9] . Covariant regularization of vacuum energy never generates terms of the form (M 4 s /H 4 ) dτ /a, advocated in [7, 8] to involve powers of ultraviolet M 4 s and infrared H 2 cutoffs, the latter being identified with the cosmological constant. Such renormalization-ambiguous terms arise for generic non-conformal fields as logarithmically divergent curvature-squared structures of the only possible form ln(M 2 s /H 2 ) dτ /a (powers of ultraviolet cutoff can only renormalize effective Λ and G and do not accompany radiation-type terms). But logarithms are too weak in the infrared to compete with the tree-level exponential of (1.1). 2 This result implies that the vacuum energy of conformal fields in static Einstein universe can be universally expressed in terms of the coefficients of the conformal anomaly m 2 P C 0 = 3(2β − α)/16. α = −2/15 instead of 1/5 in (4.5), and also gives different results for renormalized vacuum energy. This lack of universality casts certain doubt on the dimensional regularization, and in what follows we will accept the values consistently obtained within other regularization schemes. They maintain the relation (5.13) which will be very important below.
Effective Friedmann and bootstrap equations
Now we assemble together the classical part of the action, contributions of the conformal anomaly (4.9) and of the static instanton (5.11). By rewriting the conformal time as a parametrization invariant integral in terms of the lapse N and a scale factor a,
we finally have the full effective action
It is essentially nonlocal due to nonlinear dependence of the free energy term on the conformal time (6.1) which incorporates the "breathing" of instanton in τ -direction caused by local variations in a(τ ) and N(τ ). Effective Friedmann equation obtained from this action by varying the lapse reads as where the amount of radiation constant C is given by the bootstrap equation
Thus, the back reaction quantum effect boils down to the contribution of radiationtype energy density of the hot gas of conformal particles and the anomalous quantum B-term. The amount of radiation depends via (6.6) on FRW background supported by radiation itself, and this is the mechanism of the bootstrap we are going to analyze. On-shell action Γ 0 on solutions of this bootstrap system can be cast into a convenient form by expressing the combination −a + H 2 a 3 in (6.2) in terms of other pieces of effective Friedmann equation (6.5). Then, after the conversion of the integral over τ into the integral over a between the turning points a ± (if any) the on-shell action takes the form
The structure of the integral term here will be of crucial importance for elimination of the infrared catastrophe and formation of the bounded cosmological landscape.
Effect of conformal anomaly and bootstrap
In the presence of anomaly the Friedmann equation forȧ takes the forṁ
and has the same two turning points a ± as in the classical case (2.4) provided
because in the opposite case the second term of (7.1) at a − is positive and a at the contraction phase without obstacle runs to zero. There generically the conical singularity develops becausė
Instantons with the conical singularity could be ruled out for reasons similar to those discarding the Hawking-Turok instantons that underly the mechanism of open inflation [30] , but as we see now they are dynamically suppressed outside of the domain (7.2).
Indeed, outside of this domain the conformal time integral (6.1) should have a(τ − ) = 0 at the lower limit. Therefore it diverges at a → a(τ − ) = 0, η 0 = ∞, so that both F (η 0 ) ∼ − exp(−η 0 ) and dF (η 0 )/dη 0 vanish. This rules out the conical singularity, because from the bootstrap equation C = B/2, and the instanton smoothly closes at a = 0. However, for this solution the action Γ 0 reduces to the last integral term of (6.7) with the lower limit a(τ − ) = 0. It is very important that due to the contribution of the conformal anomaly and in view of (7.3) its integrand is positive at a → 0, and the integral diverges at the lower limit to +∞. Thus, Γ 0 = +∞ completely rules out all pure-state (or Hartle-Hawking type) instantons which close at a = 0 and violate (7.2) . Condition (7.2) is equivalent to the following inequalities
which automatically imply that C ≥ B/2. Together with the upper bound on CH 2 (2.5) the admissible domain for instantons reduces to the curvilinear wedge below the hyperbola (2.5) and above the straight line (7.4) to the left of the critical point C = B/2, H 2 = 1/2B, at which these two boundaries touch and form a cusp (see Fig.4 ). In fact, with the contribution of anomaly, the first of inequalities (7.4) gives a lower bound on H 2 already prior to using the bootstrap equation. With the bootstrap equation this bound immediately rules out H 2 → 0. Indeed, the conformal time
which is the function of two parameters q and p,
for H 2 → 0 (q → 0) diverges to infinity, η 0 → ∞. From the bootstrap equation (6.6) it follows then that C → B/2, which is impossible because in view of (7.4) C ≥ B. Thus the one-parameter family of instanton solutions in the admissible wedge of the (H 2 , C)-plane never hits the C-axes, but always terminates at the lower boundary with positive H 2 . Numerical analysis shows that the one-parameter family of instantons interpolates between the point on the lower line boundary with parameters The action Γ 0 changes in this family non-monotonically -it has the maximum Γ 0 ≃ −0.063 approximately at η 0 = 5.03, so that maximally probable are the end-point configurations, though the variation in their probability weights is qualitatively negligible. The instanton (7.9) describes the creation of a static Einstein Universe of the constant size a = a + = a − = 1/( √ 2H) with the hot gas of conformal invariant field in the equilibrium state with the temperature
which is analytically calculable as a function of H, because in the limiting case of 4CH 2 = q → 1, a − → a + , the conformal time integral (7.5) yields
Remarkably, for a static Universe the Euclidean action Γ 0 reduces to the first two terms of (6.7) which form the Legendre transform of F (η 0 ). The entropy of the full system which includes coupled radiation and gravity, is given by the Legendre transformation of Γ 0 with respect to the inverse temperature β = τ 0 ≡ 1/aη 0 . Therefore, it equals S = −F (η 0 ). Apparently, this result can be reconciled with a known relation between the free energy F (it differs by the factor of β from conventional definition), energy E and entropy, F = βE − S, by noting that the total energy of a spatially closed system is zero, E = 0.
The above results for a scalar field with m 2 P B scalar = 1/240 can also be obtained for other spins. We present them for a vector field with a much bigger value of the constant m 2 P B vector = 31/120. The lower and upper bounds on the instanton family then read respectively as 
Instanton garlands
It is obvious that together with a simple instanton of the above type one can consider multiple folded instantons in which the scale factor reaches its maximal and minimal values many times, similarly to the tree-level instantons considered in [31] . They can be obtained by glueing together into a torus (at surfaces of maximal size a + ) k copies of a simple instanton, see Fig.5 . We will call them garlands.
Full lapse of the Euclidean conformal time for a k-length garland equals 1) and the whole bootstrap formalism persists with the replacement of (6.1) by η (k) 0 and multiplying the last (integral) term of (6.7) by k. Simple numerical analysis for k = 2 shows the existence of the one-parameter family of instantons similar to the case of k = 1. It interpolates between the point on the lower boundary of (C, H 2 )-plane 2) and the point on the upper (hyperbolic) boundary
Moreover, it turns out that such families exist for all k, 1 ≤ k ≤ ∞, and their infinite sequence is saturated at the critical point C = B/2, H 2 = 1/2B, where the lower and upper boundaries merge. For each k the instanton family forms a line joining upper and lower boundaries, the length of this line getting shorter and shorter with k → ∞ and its location closer and closer approaching the critical cusp point, beyond which no instantons exist at all. As in the k = 1 case the upper point of each family gives rise to a hot static Universe with the equilibrium state of radiation of temperature T (k) differing from (7.10) by extra 1/k-factor.
The existence of this sequence of instanton families follows from the behavior of the single fold of the conformal time (7.11) at 2BH 2 → 1. It tends to zero in this limit, so that when multiplied by k it admits the solution of the bootstrap equation for any k → ∞ with the total time η (k) 0 slowly growing to infinity. In this limit the sequence of instanton families can be described analytically. For simplicity consider the upper hyperbolic boundary where ε ≡ C − B/2 tends to zero as we approach a critical point and H 2 ≃ (1 − 2ε)/2B. Full conformal time (that is (7.11) times k) then behaves as η (k) 0 ≃ 2πk ε/B. In the assumption that it tends to infinity for k → ∞ the bootstrap equation reads as (8.4) because in this limit F (η 0 ) ≃ − exp(−η 0 ). It has a solution, ε ≃ B ln 2 k 2 /4π 2 k 2 , which indeed confirms that the conformal time is slowly growing to infinity, η (k) 0 ≃ ln k 2 → ∞. Similar analysis can be repeated on the lower boundary of the instantin domain. Thus, it turns out that within the 1/k 2 -accuracy both upper and lower points of each k-th family coincide and read as
Thus, the lengths of instanton families (both in H 2 and C directions) decrease as the next order of 1/k 2 -expansion, 1/k 4 , so that on Fig.4 they fit in ever narrowing wedge near the critical cusp of C = B/2 = 1/4H 2 . With growing k all garlands become more and more static and cool down to zero temperature
It is remarkable, that in contrast to the tree-level instantons of [31] the garland action is not additive in k, so that with k → ∞ it goes to zero rather than to −∞. This happens because naively additive part of the action -the integral term of (6.7) even when multiplied by k tends to zero with the growing number of folds. This is turn follows from growingly static nature of garlands -in terms of deviation from the critical point ε we have a + −a − ∼ ε,ȧ ∼ √ ε, B −a 2 ∼ ε, and the integral term behaves like k ε 5/2 ∼ (ln k 2 ) 5/2 /k 4 . Because of decreasing temperature the thermal part of (6.7) also decreases, but slower, and yields (8.7).
Thus, infinitely long garlands do not dominate the instanton distribution. Moreover, they saturate with the vacuum (T crit = 0) static instanton characterized by vanishing action Γ crit 0 = 0 and finite critical value of the Hubble constant For small k numerical analysis shows that every k > 1 instanton is less probable than the singlefolded one which, in particular, follows from comparison of (7.8)-(7.9) with (8.2)-(8.3).
Conclusions
The picture of the cosmological landscape that we get from the back reaction of quantum matter is very attractive. It consists of the ensemble of universes in the limited range of the cosmological constant, filled with hot quasi-equilibrium gas of conformal field particles. After nucleation from instantons these universes expand in the Lorentzian regime. Eventually hot radiation dilutes to negligible density when the cosmological constant Λ = 3H 2 starts dominating and supports inflationary stage with the Hubble constant H, after which we get a usual large-scale structure formation scenario. This mechanism works also for static Einstein universes (originating from the upper boundary of the instanton domain), because of their gravitational instability. Elimination of instantons below Λ min by positive infinite value of their action actually implies an ultimate solution to the long-standing problem of boundedness of the on-shell 3 gravitational action in Euclidean quantum gravity. Qualitatively, the mechanism of this elimination consists in the fact that vacuum infinitely-preferable Hartle-Hawking instantons get destroyed by thermal excitations of quantum matter which is always present in the cosmological model. Their elimination takes place in the deeply infrared domain of Λ min → 0, and one might feel confused how quantum corrections quadratic in the curvature ∼ Λ 2 could overpower the blowing up exponential in (1.1). Point is that this is a nonlocal effect caused partly by the conformal anomaly, whose action (4.7) cannot be rendered local covariant form in terms of metric and curvature [28] , and partly by the bootstrap equation which also mediates a nonlocal effect due to thermal radiation and vacuum energy.
Of course, we considered only the contribution of conformally invariant fields of few low spins. Other fields, gravitons in particular, can change the whole picture, but it is suggestive that the situation will qualitatively stay the same, because on static or quasi-static background their behavior does not differ much from their conformally invariant analogues.
What is very critical for our results is the value of the vacuum energy E 0 of quantum fields, which after the ghost-avoidance renormalization yields a particular contribution C 0 = B/2 to the total constant C in the bootstrap equation (6.6). Quite interestingly, this value guarantees that the bootstrap solutions have a lower bound for C exactly coinciding with the critical point C = B/2 = 1/4H 2 at which the infinite sequence of infinitely lengthening garlands is accumulating. This peculiar fact apparently implies a sound link between the renormalization theory on curved spacetime background, ghost avoidance criterion and the quantum gravitational tunneling.
Conformally non-invariant fields are likely to destroy this relation, and one can imagine three possible outcomes. If overall C 0 is less than overall B/2 the picture qualitatively stays the same. In particular, infinite sequence of garlands survive, though they get saturated at the critical point with a finite value of the conformal time η 0 and, therefore, with finite temperature. If B > C 0 > B/2, this infinite sequence gets truncated at some maximal number of instanton folds. Finally, if C 0 > B the infrared catastrophe of Λ → 0 appears again -the one-parameter family of instantons necessarily hits the C-axes of the (C, H 2 )-plane at C 0 . This point exactly solves the bootstrap equation and infinitely dominates the rest of the partition function (at H 2 → 0 the upper integration limit in (6.7) a + → ∞, and the dominant second term of the integrand at this limit makes Γ 0 → −∞). Which of these three possibilities gets realized is an open question depending on phenomenology of the model and deserving further study.
Another open question concerns the normalizability of our partition on the infinite set of instantons and their one-parameter families. One might think that it is not normalizable because of infinite summation over garland folds k. However, at least naively the total continuous measure of the instanton range (1.1) is finite, because k Λ (k) max − Λ (k) min ∼ k (1/k 4 ) < ∞. In order to have definitive conclusion, though, one must take into account zero-mode contribution to the actual measure and also estimate preexponential factors. The latter reduce to the quantum mechanical functional determinants of the Hessian of the effective action Γ [ a(τ ), N(τ ) ], which is a nonlocal operator rather than the second-order differential one. Their calculation is doable and will be reported elsewhere [32] .
With nonperturbative back reaction effect taken into account, we still have the issue of semiclassical validity in the Planckian instanton range (1.3)-(1.4). This problem can be handled by adding new multiplets of quantum fields and noting that there is a simple scaling behavior in their number N. All terms in the bootstrap equation (6.6) rescale linearly in N, C → NC, B → NB, F (η 0 ) → NF (η 0 ), (9.1) whereas η 0 given by (7.5) depends only on combinations BH 2 and CH 2 . Therefore, the bootstrap remains consistent when the value of H 2 scales down as H 2 → H 2 /N, and this brings us to the lower energy domain where the relevant 1/N-expansion works. Also, as was noted in the end of Sect.7, growing spin of a conformal particle also decreases the instanton scale and makes it probability weight higher. This means that climbing up the phenomenological energy scale (which excites new multiplets of higher-spin fields) lowers the landscape scale from the Planckian domain down and compresses it to more and more narrow range. Then, it is reasonable to conjecture that this procedure converges somewhere at the stringy scale where positive Λ can be generated by the mechanism of KKLMMT type [33] . At this scale our landscape of hot instantons might cut out of the enormous landscape of stringy vacua a reasonably small subset compatible with present day phenomenology and physics of the early Universe. This is how cosmological landscape emerges from nothing, provided some really like it hot.
